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Abstract
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1 Introduction
Super Yang-Mills theories (SYM) have attracted much interests as leading candidates for
physics beyond the standard model. To understand their nonperturbative aspects, one might
expect lattice simulation to be useful as it happens in the usual non-supersymmetric gauge theories.
However, it is generally difficult to realize SYM on lattices and consequently detailed numerical
simulations have been performed only in lower (less than four) dimensions (see [1] for recent
simulations of 4d SYM, and [2] for a review of lattice supersymmetry).
SYM’s are also important because it is expected to provide a nonperturbative formulation of
superstring/M theory at large-N [3, 4, 5, 6, 7]. In this context the relevant theories are SYM’s
in lower dimensional spacetime. In particular, (0 + 1)-dimensional theory can be analyzed on
computer by using the non-lattice technique [8] (in this case lattice simulations are also possible
[9]) and a part of these conjectures has been confirmed by Monte-Carlo simulations in the strong
coupling regime [10, 11, 12]. Chern-Simons gauge theories are also relevant in the context of
superstring/M theory. In fact recently supersymmetric Chern-Simons gauge theories in three
dimensions have been proposed as a description of the theory of multiple M2-branes [13, 14].
Since these theories describe membranes in their strong coupling regimes, numerical simulations
appear to be a very useful tool. Unfortunately it turns out to be a very difficult task to study
either Chern-Simons or supersymmetry on a lattice.
At large-N , it is possible to circumvent the lattice-SUSY problem by using the Eguchi-Kawai
equivalence [15]. This construction guarantees that the large-N gauge theories are equivalent to
the lower dimensional matrix models if a certain condition is satisfied. Recently this equivalence
has been used to formulate 4d N = 4 SYM compactified on S3 [16].4 In this construction, the
BMN matrix model [20] around a certain multi-fuzzy sphere solution is argued to be equivalent,
using the Eguchi-Kawai reduction, to 4d N = 4 SYM. (For evidence supporting the validity
of this formulation, see [21].) Given that the solution is BPS, it provides a regularization that
preserve part of supersymmetry. Furthermore, given that one-dimensional system like the BMN
model can be analyzed on computer, the previous formulation allows us to study 4d SYM using
a Monte-Carlo simulation.
A natural question to ask is to which kind of theories it is possible to apply the Eguchi-Kawai
equivalence. The generalization to 4d N = 1 pure SYM is quite straightforward, as discussed in
[22], using the matrix model analyzed in [23]. However, introducing fundamental matter, as will
be explained in § 3, turns out to be a difficult task5. In this paper, we show that quiver and Chern-
Simons gauge theories can be regularized using the techniques of [16]. More specifically, in § 3 we
construct the supersymmetric SU(N)× SU(M) gauge theory with bifundamental matter. Then,
by sending the coupling constant of the latter gauge group to zero, we obtain a global flavor
symmetry from this gauge symmetry, and as a consequence, this quiver gauge theory becomes
supersymmetric QCD. In this construction both Nc = N and Nf = MK (K is the number
of bifundamental matters) must be infinite, but the ratio Nf/Nc can be arbitrary. In § 4 we
show that Chern-Simons theory, which is difficult to study on lattice, can also be formulated
in terms of Eguchi-Kawai equivalence. For that purpose, we use a construction of the Chern-
4 For other attempts that use the Eguchi-Kawai equivalence, see [17, 18, 19].
5 As discussed in [24], large-N gauge theories with a quark in the two-index antisymmetric representation can
be regarded as the counterpart of the usual QCD, in the sense that this representation reduces to the fundamental
representation when N = 3. For these models, Eguchi-Kawai reduction can easily applied. See e.g. [18].
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Simons theory using a generalization of Taylor’s T-duality prescription [26] which is discussed
in [25]. Combining this results with the technique of [16] the Eguchi-Kawai formulation can be
obtained straightforwardly. 6 Furthermore combining the analysis for the quiver and Chern-
Simons theories, we are able to construct the ABJM theory [14] from a matrix model.
This paper is organized as follows. In § 2 we review the basic ideas of the Eguchi-Kawai
equivalence. First, in § 2.1, we explain the quenched Eguchi-Kawai model [28, 29]. Based on it,
in § 2.2, we review the reduced model of SYM on S3 [16]. In § 3 we generalize this technique
to construct supersymmetric quiver gauge theories. In § 4 we formulate Chern-Simons theory in
three dimensions along the line of [25]. Combining these results with the ones in § 3 we construct
the Chern-Simons-matter theories which recently attracted much interest as the theory describing
multiple M2-branes.
2 The basics of the Eguchi-Kawai reduction
In this section we review the Eguchi-Kawai equivalence [15]. In §2.1 we introduce the
“quenched” version of the Eguchi-Kawai model [28, 29], which is relevant for our purpose. In
§ 2.2 we use this technique to formulate large-N Yang-Mills on the three-sphere.
2.1 Quenched Eguchi-Kawai model
In the following we review the diagrammatic approach to the quenched Eguchi-Kawai model(QEK)
[29]. The basic idea is that in the planar limit, Yang-Mills theory is equivalent to a matrix model
around a suitable background. We will also consider QEK for compact space [16, 30]. In order to
see clearly the difference between the compact and noncompact cases, we consider (analogously
to [16]) the simplest example first, namely the correspondence between a zero-dimensional matrix
model and a matrix quantum mechanics.
As a simple example, we consider a matrix quantum mechanics with a mass term,
S1d = N
∫
dtTr
(
1
2
(DtXi)
2 − 1
4
[Xi,Xj ]
2 +
m2
2
X2i
)
, (1)
where Xi (i = 1, 2, · · · , d) are N × N traceless Hermitian matrices. The covariant derivative Dt
is given by
DtXi = ∂tXi − i[A,Xi]. (2)
At large-N , this model can be reproduced starting from the zero-dimensional model
S0d =
2π
Λ
·NTr
(
−1
2
[Y,Xi]
2 − 1
4
[Xi,Xj ]
2 +
m2
2
X2i
)
, (3)
where Y and Xi are N ×N traceless Hermitian matrices. We embed the (regularized) translation
generator into the matrix Y ,
Y b.g. = diag(p1, · · · , pN ), pk = Λ
N
(
k − N
2
)
. (4)
6 While this work was in progress we have been informed that the same idea had been studied by Ishiki et al
[27]. We thank G. Ishiki for the discussion.
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Figure 1: Two-loop planar and nonplanar diagrams with quartic interaction vertex.
By expanding Y around this background,
Y = Y b.g. +A, (5)
the Feynman rules of the one-dimensional theory, as we will see in the following, are reproduced
at large-N .
The action can be rewritten as
S0d =
2π
Λ
·N
{
1
2
∑
i,j
∣∣∣(pi − pj) (Xk)ij − i[A,Xk]ij∣∣∣2 + Tr
(
−1
4
[Xi,Xj ]
2 +
m2
2
X2i
)}
. (6)
We add to it the gauge-fixing and Faddeev-Popov terms
2π
Λ
·NTr
(
1
2
[Y b.g., A]2 − [Y b.g., b][Y, c]
)
. (7)
Then, the planar diagrams are the same as the ones in the 1d theory up to a normalization factor.
For example, a scalar two-loop planar diagram with quartic interaction (see Fig.1) is
d(d− 1)
2
(
1
2
· 2πN
Λ
) N∑
i,j,k=1
(Λ/2πN)
(pi − pk)2 +m2
(Λ/2πN)
(pj − pk)2 +m2
≃ d(d− 1)
4
· 2π
Λ
·N2
∫ Λ/2
−Λ/2
dp
2π
∫ Λ/2
−Λ/2
dq
2π
1
(p2 +m2)(q2 +m2)
. (8)
The essence of this expression is that the adjoint action of the background matrix can be identified
with the derivative and the matrix elements of the fluctuations can be identified with the Fourier
modes in momentum space. The corresponding diagram in the 1d theory is
d(d− 1)
4
· V ol ·N2
∫ Λ/2
−Λ/2
dp
2π
∫ Λ/2
−Λ/2
dq
2π
1
(p2 +m2)(q2 +m2)
, (9)
where V ol is volume of the spacetime. Hence by interpreting Λ and Λ/N to be UV and IR cutoffs,
those diagrams agree up to the factor
(
Λ
2pi
) · V ol. The other planar diagrams also correspond up
to the same factor.
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The nonplanar diagrams do not have such a correspondence, but in an appropriate limit they
are negligible. In the 1d theory, by taking a planar limit they are suppressed by a factor N−2. In
the reduced model, they are suppressed if IR cutoff Λ/N goes to zero. To see this, let us calculate
for example the two-loop nonplanar diagram in Fig.1. It reads
− d(d− 1)
4m4
Λ
2π
, (10)
which is suppressed by a factor (Λ/N)2 compared with planar diagrams.
Therefore, by taking the limit
N →∞, Λ→∞, Λ
N
→ 0 (11)
the 1d model on R is reproduced from the 0d model.
If one wants to obtain the theory on a circle, it is necessary to fix the IR cutoff while suppressing
nonplanar diagrams. This can be achieved by taking the background to be
Y b.g. = diag(p1, · · · , pn1)⊗ 1n2 , pk =
Λ
n1
(
k − n1
2
)
, N = n1n2, (12)
and taking n1, n2 and Λ to be infinity while fixing the IR cutoff Λ/n1 [16].
7
It turns out that in this setup the background is not stable. So, to make the expansion
meaningful, we have to “quench” the eigenvalues of Y , i.e. we have to fix the background by
hand. This is the reason for the name “quenched” Eguchi-Kawai model.
2.2 Eguchi-Kawai construction of Yang-Mills on S3
Next let us construct the Yang-Mills theory on the three-sphere by using the Eguchi-Kawai
equivalence. The essence of QEK is to find a background whose adjoint action can be identified
with the spacetime derivative. So, the strategy is to find a set of three matrices whose adjoint
action can be identified with the derivative on S3. Such matrices were found in [31, 16]. In the
following we will show the derivation in a heuristic way.
2.2.1 YM on S3
In this section, we express the action of Yang-Mills theory on R×S3 in a form convenient for
our purpose [16]. The radius of the sphere is taken to be 2/µ. The action of U(N) SYM is given
by
S = − N
λ4d
∫
dt
∫
S3
d3x
√
−g(x)Tr1
4
F 2µν , (13)
where λ4d is the ’t Hooft coupling constant, gµν(x) is the metric and g(x) is its determinant. The
field strength is
Fµν = ∂µAµ − ∂νAµ − i[Aµ, Aν ]. (14)
7 Another reason to consider the n2 →∞ limit is the following, if we take n2 = 1 and quench the background, no
zero-mode appears. This is not a problem when we take the noncompact limit, because the IR cutoff goes to zero.
On the other hand, when we consider a compact space, the absence of the zero-mode destroys the Eguchi-Kawai
equivalence. It turns out that by taking the n2 → ∞ limit, zero-modes are taken into account in an appropriate
manner.
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The Greek indices µ, ν refer to the Einstein frame and the Latin indices to the local Lorentz
frame.
The sphere part of this geometry has the group structure of SU(2). Given this group struc-
ture, there exists a right-invariant 1-form dgg−1 and its dual Killing vectors Li, satisfying the
commutation relation
[Li,Lj ] = iǫijkLk. (15)
Using the coordinates (θ, ψ, ϕ) defined by g = e−iϕσ3/2e−iθσ2/2e−iψσ3/2, the vielbein Ei can be
expressed as
E1 =
1
µ
(− sinϕdθ + sin θ cosϕdψ) , (16)
E2 =
1
µ
(cosϕdθ + sin θ sinϕdψ) , (17)
E3 =
1
µ
(dϕ+ cos θdψ) . (18)
In these coordinates the metric is given by
ds2 =
1
µ2
[
dθ2 + sin2 θ dϕ2 + (dψ + cos θ dϕ)2
]
. (19)
The spin connection ωabc can be read off from the Maurer-Cartan equation,
dEi − ωijkEj ∧ Ek = 0, (20)
ωijk =
µ
2
ǫijk. (21)
and the Killing vectors are given by
Li = − i
µ
EMi ∂M , (22)
where
L1 = −i
(
− sinϕ∂θ − cot θ cosϕ∂ϕ + cosϕ
sin θ
∂ψ
)
,
L2 = −i
(
cosϕ∂θ − cot θ sinϕ∂ϕ + sinϕ
sin θ
∂ψ
)
,
L3 = −i∂ϕ. (23)
The Killing vectors represent a complete basis for the tangent space on S3. Furthermore given
that the vielbeins are defined everywhere on S3, the indices i can be used as a label for the vector
fields and 1-forms.8
By using the Killing vectors Li, the action can be rewritten as [16]
S =
(
2
µ
)3 N
λ4d
∫
dt
∫
dΩ3Tr
(
1
2
(DtAi − µLiAt)2
8 This property is necessary in order to identify this index with the one in the matrix model [32].
6
+
µ2
4
(LiAj − LjAi)2 − µ
2
(LiAj − LjAi)[Ai, Aj ] + 1
4
[Ai, Aj ]
2
−µ
2
2
A2i + iµǫ
ijkAiAjAk − iµ2ǫijkAi(LjAk)
)
, (24)
where Ai is defined in such a way that the 1-form of the gauge field on S
3 take the form A = AiE
i,
and dΩ3 is the volume form of the unit three-sphere.
2.2.2 Eguchi-Kawai reduction
To construct matrices which represent derivatives on S3 in a coordinate-independent way, it
is useful to use the SU(2) group structure of S3. The Killing vectors (23) act on functions on
S3 ≃ SU(2), whose irreducible decomposition is9
C∞(SU(2)) =
⊕
J=0,1/2,1,···

VJ ⊕ · · · ⊕ VJ︸ ︷︷ ︸
(2J+1)-times

 , (26)
where VJ is the space that the spin J representation acts on.
In order to realize this representation as the adjoint action of the background matrices, we
first embed the SU(2) generators into N ×N matrices. We then introduce the matrices Li which
satisfy the commutation relation of the SU(2) generators,
[Li, Lj] = iǫijkLk. (27)
Since these matrices cannot be diagonalized simultaneously, we embed them in the following block
diagonal form;
Li =


. . .
L
[js−1/2]
i
L
[js]
i
L
[js+1/2]
i
. . .


, (28)
where L
[js]
i is a (2js + 1)× (2js + 1) matrix which acts on the spin js representation. The size of
the matrix N is
N =
∑
s
(2js + 1). (29)
9 In general, for a compact Lie group G, a space of functions on G is decomposed as
C
∞(G) =
M
r
0
B@Vr ⊕ · · · ⊕ Vr| {z }
dr−times
1
CA , (25)
where r runs over all the irreducible representations, Vr is a representation space and dr is its dimension.
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We introduce a regularization by restricting the representation space to a limited number of js.
Furthermore we take the integer s satisfying
− T
2
≤ s ≤ T
2
, (30)
where T is an even integer. We introduce another integer P ≫ T and take js to be
js =
P + s
2
. (31)
The large N limit is taken in the following way
P →∞, T →∞, N →∞. (32)
To see how this prescription works, let us consider the (j, j′)-block, to which L[j] acts from left
and L[j
′] acts from the right. A Basis for this block is symbolically written as
|j,m〉〈j′,m′|. (33)
It can be decomposed into spin |j − j′|, · · · , j + j′ representations. Let’s count the number of
representations of each spin.
Spin 0 : T + 1, because it appears only when j = j′ ≥ 0.
Spin 1/2 : 2T , because it appears when j = j′ ± 1/2.
Spin 1 : (T + 1) + 2(T − 1) = 3T − 1, because it appears when j = j′ ≥ 1 and j = j′ ± 1.
Spin J ∈ Z : (T + 1) +∑Jl=1 2(T + 1− 2l) = (2J + 1)T + 1− 2J2.
As long as T ≫ J , we can approximate this expression as
(number of spin J) ≃ (2J + 1)T. (34)
Therefore the representation space, or equivalently the variables appearing in the matrix model,
can be regarded as a set of T copies of the space of functions on S3. As J increase the number of
copies decreases. In this sense T plays a role of a momentum cutoff.
In this way matrix elements can be identified with the functions on S3, or in other words the
propagators in the Feynman diagram agrees. However it is not apparent if this identification is
consistent with the multiplication of the fields. (This is necessary in order for the interaction
vertices to agree.) In [16] it has been shown that
T
P
→ 0 (35)
is a sufficient condition for the compatibility with the multiplication.10
10 Given that this condition force us to use very large matrix in a computer simulation, it would be nice if it
could be relaxed. However this seems to be impossible because the eigenvalue distribution is not uniform without
imposing T/P → 0, while the eigenvalues should be distributed uniformly in order for the quenched Eguchi-Kawai
equivalence to work. One possible solution is to make the density uniform by putting fuzzy spheres with the same
radii on top of each other and tune the number of copies to be proportional to the spin. We thank G. Ishiki for
stimulating discussion on this point.
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By using these matrices we can relate a matrix model to a gauge theory on S3, given by the
action (24). In order to do that, we consider the bosonic matrix quantum mechanics
S = C · N
λ4d
∫
dtTr
(
1
2
(DtXi)
2 +
1
4
[Xi,Xj ]
2 + iµǫijkX
iXjXk − µ
2
2
X2i
)
, (36)
where the constant C will be specified shortly. We then expand the action around a classical
solution
At = 0, Xi = −µLi, (37)
identify Li, At and Ai with [Li, · ], At and Xi + µLi,
Li → [Li, · ], A(4d)t → A(1d)t , Ai → Xi + µLi, (38)
and replace the trace and the spatial integral by a trace,(
2
µ
)3 ∫
dΩ3Tr → Tr. (39)
The UV and IR momentum cutoffs are given by µT and µ, respectively, and we will take the limit
in such a way that
µ→ 0, µT →∞. (40)
In order to match the diagrams completely, the coupling constant should be taken as [16]
λ4d = λ1d · 16π
2
µP
. (41)
In other words, we have to multiply the dimensionally reduced action by an overall factor
C ≡ 16π
2
µP
. (42)
This factor is analogous to the factor 2π/Λ in (3). Furthermore the four-dimensional ’t Hooft
coupling λ4d should be scaled with the UV momentum cutoff µT .
Finally we would like to add a few remarks. First, the background is a classical solution and
hence as long as it is stable we do not need to quench it. Second, when we take the large-N limit
fixing the IR momentum cutoff µ, in order to suppress the nonplanar diagrams it is necessary to
change the background to
− µLi ⊗ 1k (43)
and take k → ∞ limit. Thirdly, this construction resembles the “twisted” Eguchi-Kawai model
(TEK) [33]. In both cases the model is deformed by background flux terms so that noncommutative
manifolds (fuzzy sphere for the former and fuzzy torus for the latter) become a classical solution,
and the higher-dimensional theories are obtained as a fluctuation around these solutions.
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2.3 Supersymmetry and stability of the background
So far we have discussed only bosonic theories. Strictly speaking the Eguchi-Kawai equivalence
does not work in bosonic models because the background is unstable. This problem arises quite
generally, not only in the QEK [34], but also in the original reduction [28] and in the TEK
[35, 36, 37]. As usual, supersymmetry can remove such an instability [38].11 The advantage of the
construction explained in § 2.2 is that supersymmetry can be preserved manifestly [16]. That is,
the reduced model is a supersymmetric matrix model and the background (28) is a BPS solution.
Therefore we can expect the background to be stable at least at low temperature.
For another approach to the Eguchi-Kawai reduction in supersymmetric Yang-Mills with uni-
tary variables, see [18].
3 The Eguchi-Kawai model for quiver gauge theories
In [22] 4d N = 1 SYM without flavor is formulated by using the Eguchi-Kawai construction
of [16]. In order to consider QCD, we have to introduce flavors into this model. However it is
difficult to describe fundamental matter along this line. The reason is the following. Because the
derivative on the sphere is identified to the commutator with matrix iµLi, the covariant derivative
acting on the fundamental scalar ψ can be written as
Diψ ∼ i[µLi, ψ]− iAiψ = i(µLi −Ai)ψ − ψ · iµLi ≡ −iXiψ − ψ · iµLi. (44)
The gauge field Ai acts only from the left, and Li acting from the left can be identified with the
background of corresponding field in matrix model, Xi. However, the last term in the right hand
side cannot be expressed as a matrix variable, since there are no field acting on ψ from the right.
(In other words it does not appear from the dimensionally reduced model). To circumvent this
problem, we consider bifundamental matter. Then the covariant derivative becomes
Diψ ∼ i[µLi, ψ] − iAiψ + iψBi = i(µLi −Ai)ψ − ψ · i(µLi −Bi) ≡ −iXiψ + iψYi. (45)
In this case, both Li can be identified with the background of matrix variables and hence the
technique of [16] can be applied. By taking the additional gauge coupling to be small, the gauge
field Bi decouples and we restore the fundamental matter.
3.1 Quiver matrix quantum mechanics and its quenched reduced model
As the simplest example let us start by considering the bosonic quiver quantum mechanics
with gauge group SU(N)× SU(M), where N and M are taken to be infinity by fixing the ratio
M/N . For simplicity we take M = km and N = kn, where k,m, n are integers, and then, we take
the k →∞ limit fixing m and n. We consider the following action
S = k
∫
dtTr
{
(Dtφ)(Dtφ)
† + µ2φφ† + g(φφ†)2
}
, (46)
where φ is N ×M matrix and the covariant derivative acts on it as
Dtφ = ∂tφ− iAφ+ iφB. (47)
11 An attempt to avoid the instability in the bosonic framework can be found in [39].
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Figure 2: A two-loop planar diagram of a bifundamental scalar φ. Solid and dotted lines represent
SU(N) and SU(M) indices, respectively.
Here A and B are gauge fields associated with SU(N) and SU(M), respectively. In this action,
the field φ is rescaled such that scaling parameter in k → ∞ appears only in the overall factor,
furthermore the parameters µ and g do not scale in this limit.
This model is related to the reduced one via Eguchi-Kawai equivalence. The reduced model
is given by
2π
Λ
· k Tr
{
−(Xφ− φY )(Y φ† − φ†X) + µ2φφ† + g(φφ†)2
}
. (48)
If we expand this action around
Xb.g. = diag(p1, · · · , pk)⊗ 1n, Y b.g. = diag(p1, · · · , pk)⊗ 1m, pr = Λ
k
(
r − k
2
)
, (49)
then this model reproduce the results of the original one.
As an example, consider the two-loop diagram shown in Fig. 2. In the matrix quantum
mechanics, it gives
V ol · k2 · gn2m
∫ Λ/2
−Λ/2
dp
2π
∫ Λ/2
−Λ/2
dq
2π
1
(p2 + µ2)(q2 + µ2)
, (50)
while in the reduced model it is
2π
Λ
· k2 · gn2m
∫ Λ/2
−Λ/2
dp
2π
∫ Λ/2
−Λ/2
dq
2π
1
(p2 + µ2)(q2 + µ2)
. (51)
Therefore we can see the correspondence as in § 2.1, up to the same factor (Λ/2π) · V ol. The
generalization to other diagrams is straightforward.
3.2 Bosonic quiver gauge theory in four dimensions
Let us start by considering the bosonic quiver gauge theory with SU(N) × SU(M) gauge
group. As in the previous subsection, we take the limit N,M → ∞ with M = km, N = kn,
k → ∞ and m,n kept fixed. (As we will see, in terms of QCD with fundamental matter, this
means Nc, Nf →∞ with Nf/Nc fixed.) Let us consider the action
S = Sgauge + Smatter =
∫
dt
∫
S3
d3x
√
g(x) (Lgauge + Lmatter) , (52)
11
Lgauge = − 1
4g2A
TrF 2µν −
1
4g2B
TrG2µν , (53)
Lmatter = k
(
−Tr(DµφI)(DµφI)† +mIJTrφIφ†J
)
, (54)
where Fµν and Gµν are field strength of SU(N) and SU(M) gauge fields Aµ and Bµ,
Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ], Gµν = ∂µBν − ∂νBµ − i[Bµ, Bν ], (55)
and φI(I = 1, · · · ,K) are N ×M complex matrices on which the covariant derivative acts as
DµφI = ∂µφI − iAµφI + iφIBµ. (56)
We take the mass matrix mIJ to be hermitian.
In the Maurer-Cartan basis, the matter part of the Lagrangian reads
Lmatter = kTr
{
(DtφI)(DtφI)
† − (iµLiφI − iAiφI + iφIBi)(iµLiφI − iAiφI + iφIBi)† +mIJTrφIφ†J
}
.
(57)
The gauge part is the same as (24) for each gauge group.
By reducing the spatial dimensions to a point, we obtain
S1d = S
X
1d + S
Y
1d + S
matter
1d , (58)
SX1d =
C
g2A
∫
dtTr
(
1
2
(DtXi)
2 +
1
4
[Xi,Xj ]
2 + iµǫijkX
iXjXk − µ
2
2
X2i
)
, (59)
SY1d =
C
g2B
∫
dtTr
(
1
2
(DtYi)
2 +
1
4
[Yi, Yj ]
2 + iµǫijkY
iY jY k − µ
2
2
Y 2i
)
, (60)
Smatter1d = Ck
∫
dtTr
{
(DtφI)(DtφI)
† − (XiφI − φIYi)(XiφI − φIYi)† +mIJTrφIφ†J
}
,(61)
where Xi and Yi are N ×N and M ×M scalar matrices which are obtained from Ai and Bi. We
take the background to be multiple of the background (28) as in (43),
Xb.g.i = −µLi ⊗ 1n, Y b.g.i = −µLi ⊗ 1m, (62)
where the size of Li is k× k. Then, it is straightforward to see that the Eguchi-Kawai equivalence
works around this vacuum. By taking g2Bk to be zero, SU(M) reduces to (a part of) a global
“flavor” symmetry. The number of flavors turns out to be Nf = MK, and the ratio Nf/Nc can
be arbitrary finite value.
3.3 Supersymmetric quiver gauge theory in four dimensions
We consider a quiver theory without superpotential. (incorporation of the superpotential is
straightforward.) In this section we use the notation of Wess-Bagger’s textbook [40].
The action is given by
S = Sgauge + Smatter =
∫
dt
∫
S3
d3x
√
g(x) (Lgauge + Lmatter) , (63)
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Lgauge = Tr
{
− 1
g2A
(
1
4
F 2µν + iλ¯Aσ¯
µDµλA
)
− 1
g2B
(
1
4
G2µν + iλ¯B σ¯
µDµλB
)}
, (64)
Lmatter = kTr
{
−(DµφI)(DµφI)† − iψ¯I σ¯µDµψI − i
√
2φ†I(λAψI − ψIλB)
+i
√
2(ψ¯I λ¯A − λ¯Bψ¯I)φI − k
2
(
g2AφIφ
†
IφJφ
†
J + g
2
Bφ
†
IφIφ
†
JφJ
)
− µ
2
8
(φIφ
†
I)
}
,
(65)
where ψI and φI belong to (N, M¯ ) representation as in the previous subsection. (Strictly speaking
other multiplets are needed in order to cancel the gauge anomaly, but we omit them for notational
simplicity. The modification is straightforward.) We notice that the last term is analogous to a
mass term of adjoint scalars in 4d N = 4 on S3.
The supersymmetry transformation is
δ(4d)Aµ = −iλ¯Aσ¯µǫ+ iǫ¯σ¯µλA,
δ(4d)λA = Fµνσ
µνǫ+ ikg2AφIφ
†
Iǫ,
δ(4d)Bµ = −iλ¯B σ¯µǫ+ iǫ¯σ¯µλB ,
δ(4d)λB = Gµνσ
µνǫ+ ikg2Bφ
†
IφIǫ,
δ(4d)φI =
√
2ǫψI ,
δ(4d)ψI = i
√
2σµǫ¯DµφI +
µ
4
√
2
ǫ¯φI . (66)
Here the supersymmetry transformation parameter ǫ satisfies
Dµǫ = − iµ
4
σµǫ. (67)
The dimensionally reduced model is obtained by rewriting the action in the Maurer-Cartan
basis and then by reducing the spatial dimensions. It is important that the parameters of the
supersymmetry transformation depends only on t in this basis
ǫ(t) = e−iµt/4ǫ0. (68)
Consequently the dimensional reduction of spatial dimensions does not affect supersymmetry.
By dimensionally reducing the spatial directions we obtain the matrix quantum mechanics
Lm.m.gauge =
C
g2A
Tr
(
1
2
(DtXi)
2 +
1
4
[Xi,Xj ]
2 − µ
2
2
X2i + iµǫ
ijkXiXjXk
)
+
C
g2A
Tr
(
−iλ¯XDtλX − λ¯X σ¯i[Xi, λX ]− 3
4
µλ¯XλX
)
+(X → Y ), (69)
Lm.m.matter = CkTr
{
(DtφI)(DtφI)
† − (XiφI − φIYi)(XiφI − φIYi)†
13
−iψ¯IDtψI − ψ¯I σ¯i(XiψI − ψIYi)− 3
4
µψ¯IψI
−i
√
2φ†I(λXψI − ψIλY ) + i
√
2(ψ¯I λ¯X − λ¯Y ψ¯I)φI
−k
2
(
g2AφIφ
†
IφJφ
†
J + g
2
Bφ
†
IφIφ
†
JφJ
)
− µ
2
8
(φIφ
†
I)
}
.
(70)
The supersymmetry transformation reduces to
δ(1d)Xi = −iλ¯X σ¯iǫ+ iǫ¯σ¯iλX ,
δ(1d)At = −iλ¯Xǫ+ iǫ¯λX ,
δ(1d)λX =
[
−2(DtXi) + ǫijk[Xj ,Xk] + 2iµXi
]
σiǫ+ ikg2AφIφ
†
Iǫ,
δ(1d)Yi = −iλ¯Y σ¯iǫ+ iǫ¯σ¯iλY ,
δ(1d)Bt = −iλ¯Y ǫ+ iǫ¯λY ,
δ(1d)λB =
[
−2(DtYi) + ǫijk[Yj , Yk] + 2iµYi
]
σiǫ+ ikg2Bφ
†
IφIǫ,
δ(1d)φI =
√
2ǫψI ,
δ(1d)ψI =
√
2σiǫ¯(XiφI − φIYi) + µ
4
√
2
ǫ¯φI , (71)
where ǫ is time-dependent
ǫ(t) = e−iµt/4ǫ0. (72)
It turns out that the background (62) preserve this supersymmetry. By expanding the ma-
trix model around this background we recover the original 4d theory. Notice that we have to
renormalize the bare ’t Hooft couplings g2AN and g
2
BM appropriately in the continuum limit.
Generalizations to more complicated quiver theories are straightforward. We emphasize that
the equivalence works only when the field theory does not has gauge anomalies, because we
assumed implicitly in the proof.
The emergence of the chiral anomaly is a long standing problem in Eguchi-Kawai models. This
problem exists in the present case too – the chiral symmetry seems kept in the reduced model.
The chiral symmetry should be broken by some effect. Here, we do not pursue this direction, but
just assume the presence of such an effect. One possible way to find it is to consider the chiral
anomaly in the noncommutative space (concentric fuzzy spheres).
4 The Eguchi-Kawai model for Chern-Simons gauge theories
In this section, we consider the Eguchi-Kawai model of three dimensional Chern-Simons gauge
theories. In a similar fashion to the YM cases, we can obtain matrix models which have a fuzzy
sphere as a classical solution. Quivers can be introduced into this construction as in the previous
section. We consider the ABJM model [14] as an example.
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4.1 Bosonic case
Let us start with the bosonic Chern-Simons with U(N) gauge group. The action is
SCS = i · k
4π
∫
d3x
√
g(x)ǫµνρTr
(
−Aµ∂νAρ − 2i
3
AµAνAρ
)
, (73)
where k is an integer. On the three-sphere of radius 2/µ, by using the Maurer-Cartan basis, this
action can be written as [25]
SCS = i · k
4π
(
2
µ
)3 ∫
d3ΩTr
[
ǫijk
(
iµ
2
(−(LiAj)Ak + (LjAi)Ak)− 2i
3
AiAjAk
)
+ µA2i
]
.
(74)
Dimensionally reducing it, we obtain
Smm = iC · k
4π
Tr
(
−2i
3
ǫµνρXµXνXρ + µX
2
i
)
. (75)
This theory has a classical solution
Xi = −µLi, [Li, Lj ] = iǫijkLk. (76)
It is easy to check that the 3d action (74) is obtained from (75) by taking the background (28)
and using the mapping rule given in § 2.2.
4.2 ABJM theory
The previous construction can be easily promoted to supersymmetric Chern-Simons theory.
As a concrete example, let us formulate the ABJM model, which gives a description of the multiple
M2-branes theory [14] (see also [41]). In the following we take the gauge group to be U(N)×U(M).
When this model is put on the three sphere, an additional mass term must be added in order to
keep supersymmetry. The model is given by
L = ik
4π
ǫµνρTr
(
−Aµ∂νAρ − 2i
3
AµAνAρ +Bµ∂νBρ +
2i
3
BµBνBρ
)
+
k
2π
Tr
(
Dµφ¯
αDµφα + iψ¯ασ
µDµψ
α
)
+ kV(φ,ψ), (77)
where
V(φ,ψ) = − i
2π
ǫαβγδTr
(
φαψ¯βφγψ¯δ
)
+
i
2π
ǫαβγδTr
(
φ¯αψβ φ¯γψδ
)
− i
2π
Tr
(
φ¯αφαψ¯βψ
β − φαφ¯αψβψ¯β + 2φ¯αψβψ¯αφβ − 2φαψ¯βψαφ¯β
)
− 1
6π
Tr
(
(φαφ¯
α)3 + (φ¯αφα)
3
)− 2
3π
Tr
(
φαφ¯
γφβφ¯
αφγ φ¯
β
)
+
1
π
Tr
(
φαφ¯
αφβ φ¯
γφγ φ¯
β
)
+
3µ2
32π
φ¯αφα. (78)
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Here Aµ and Bµ are gauge fields of U(N) and U(M) groups, respectively. Bifundamental matter
fields φα, ψ
α (α = 1, · · · , 4) are in the (N, M¯ ) representations and the covariant derivative Dµ
acts as
Dµφα = ∇µφα − iAµφα + iφαBµ, (79)
and similarly for ψα. We have rescaled these matter fields in such a way that the Chern-Simons
level k appears only in the overall factor.
The supersymmetry transformation is
δ(3d)φα = −iηαβψβ ,
δ(3d)Aµ = −
(
ηαβσµφαψ¯β + ηαβσµψ
β φ¯α
)
,
δ(3d)Bµ = −
(
ηαβσµψ¯βφα + ηαβσµφ¯
αψβ
)
,
δ(3d)ψα =
[
σµDµφγ − 2
3
φ[βφ¯
βφγ]
]
ηγα +
4
3
φβφ¯
αφγη
γβ +
2
3
ǫαβγδφβφ¯
ρφγηδρ − iµ
4
ηγαφγ ,
(80)
where the parameter satisfies ηαβ = −ηβα, (ηαβ)∗ = 12ηαβγδηγδ = ηαβ and ∇µηαβ = − iµ4 σµηαβ .
Rewriting the action using the Maurer-Cartan basis and taking the zero-dimensional reduction,
we obtain the matrix model
Smm = Ck
[
i
4π
Tr
(
−2i
3
ǫijkXiXjXk + µX
2
i +
2i
3
ǫijkYiYjYk − µY 2i
)
− 1
2π
Tr(Yiφ¯
α − φ¯αXi)(Xiφα − φαY i)
+
1
2π
Tr
(
ψ¯ασ
i (Xiψ
α − ψαYi) + 3µ
4
ψ¯αψ
α
)
+ V(φ,ψ)
]
. (81)
Expanding this action around the background (28), we can reproduce the original action. As
before, the transformation parameter in the 3d theory is a constant in the Maurer-Cartan basis
and the reduced model is supersymmetric. The supersymmetry transformation is
δ(0d)φα = −iηαβψβ,
δ(0d)Xi = −
(
ηαβσiφαψ¯β + ηαβσiψ
β φ¯α
)
,
δ(0d)Yi = −
(
ηαβσiψ¯βφα + ηαβσiφ¯
αψβ
)
,
δ(0d)ψα =
[
σi(−iXiφγ + iφγYi)− 2
3
φ[βφ¯
βφγ]
]
ηγα +
4
3
φβφ¯
αφγη
γβ +
2
3
ǫαβγδφβ φ¯
ρφγηδρ − iµ
4
ηγαφγ .
(82)
Notice that this background preserves all supersymmetries.
In the actions the Chern-Simons level k appears as an overall factor. The original ABJM is
reproduced from the reduced model in the planar limit with both k/N and k/M kept fixed.
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5 Conclusion and Discussions
In this paper we have applied a recently proposed large-N reduction technique [16] to su-
persymmetric quiver and Chern-Simons theories. As concrete examples we have constructed the
SU(N)× SU(M) supersymmetric quiver gauge theory with bifundamental matter fields and the
ABJM model of multiple M2 branes. Furthermore, by taking one of the gauge couplings to be
small in the supersymmetric quiver gauge theory we obtain SU(N) supersymmetric QCD with
flavor. In this construction both Nc and Nf are infinite but the ratio Nf/Nc can take any value.
Therefore this construction provides us with a valuable tool to study the dynamics of supersym-
metric QCD, e.g. supersymmetry breaking, Seiberg duality conjecture [42], etc.
The reduced model of the ABJM theory will be useful to study the AdS/CFT correspondence
numerically. Of particular interest is the strong ’t Hooft coupling region that is expected to
describe type IIA string on AdS4 × CP 3. This region can be studied by using the Eguchi-Kawai
equivalence. It turns out that the parameter region where k is smaller than O(N) is also important
to obtain insights into M-theory. Thermodynamical properties are also interesting. For these
reasons it is still valuable to study a lattice formulation which is valid at finite-N and can be put
at finite temperature. For references in this direction, see e.g. [43].
We expect that these models have the sign problem, unlikely to the reduced model for 4d
N = 1 pure SYM [22]. This problem possibly make it difficult to study these models numerically.
At finite temperature, however, the sign problem might be mild, similarly to the case of the
maximally supersymmetric matrix quantum mechanics [10]. It is important to study by direct
simulation how severe the sign problem is.
Although inherently restricted to the planar limit, the Eguchi-Kawai equivalence can be a
powerful tool to explore the dynamics of supersymmetric gauge theories. Numerical studies on
these models will be reported in future communications.
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